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Introducing a ‘defect’ or ‘discontinuity’ -

Start with a single selected point on the x-axis, say X, and denote
the field to the left (x < xp) by u, and to the right (x > xp) by v:

u(x,t) Xo v(x,t)
Relativistic scalar field equations in separated domains:
ou

, . v
dzu:—%, X < Xo, dzv:——v, X > Xo

e How can the fields u, v be ‘sewn’ together at x,?
e Where might integrability come from?
e One natural choice (6-impurity) would be to put

u(xo,t) = v(xo, t), ux(xo,t) — vx(Xo, t) = F(u(xp, 1)),

- studied numerically -



e Problem: there is a distinguished point, translation symmetry is lost
and conservation laws - at least some of them - (for example,
momentum), are violated unless the defect contributes compensating
terms via sewing conditions.

Consider the field contributions to energy-momentum:

/ dx T (u / dx T (v
Xo

Using the field equations, can we arrange

dapP+ s dD*(u, v)
o = Tl T =g

with the right hand side depending only on the fields at x;?

If so, P* + D" is conserved with D being the defect contribution.

e Only a few possible sewing conditions (and bulk potentials U, V)
are permitted for this to work. To see why...



Consider the field contribution to energy and calculate

dpPP®
W - [Uxut]xo - [Vth]xo-
Setting
ux =vi+ X(u,v), vww=u+ Y(u,v)
we find .
% =wuX—-wvY.
This is a total time derivative if
oDo oD
X=—"—", Y=—
ou’ ov’
for some D°. Then
P oD
a  dt’

e Expected anyway since time translation remains good.



On the other hand, for momentum

aP'! uf + uf V2 +v2
a N itvi
= | u(u)h+[ : (v)L
2 _ y2 1
:[—VtX—FUtY—X Y +U—V} :_M
X at

This is a total time derivative provided the first piece is a perfect
differential and the second piece vanishes. Thus

x_ 0p° _ob' . _oD° oD
- 9u  ov’  ov  ou’

In other words

P00 9PD° (000)21 <aDO>

2\ u 2\ ov

ov2 - ou?’ 2 - U(u) - V(V)~



Highly constraining - just a few possible combinations for U, V, D°
e sine-Gordon, Liouville, massless free, or, massive free.
For example, if U(u) = m?u?/2, V(v) = m?v?/2, D° turns out to be
0 _ Mo 2, M. 2
D°(u,v) = ) (u+v) +40(u v)s,

and ¢ is a free parameter.

e Note: the Tzitzéica (aka BD, MZS, aéz) affine Toda) potential
U(u) = e¥ +2e7v/?

is not possible.

e There is a Lagrangian description of this type of defect (type I):

uvy — urv

L =0(xo—x)L(u)+0(x —x0) < 5

D(u, v)) +0(x — Xx0)L(V)



sine-Gordon -

Choosing u, v to be sine-Gordon fields (and scaling the coupling and
mass parameters to unity), the allowed possibilities are:

D°(u,v) = -2 (acos u42r Y 4o cos U; V),

where ¢ is a constant, to find

X<Xp: 0°u = —sinu,
X>Xy: 0°v = —sinv,
L U+Vv o u—
X=X: U = Vi—osin — o 'sin
UtV u-
X=X: Vx = U+osin — o 'sin

e The final two are a Backlund transformation frozen at x = 0.
e The defect could be anywhere - essentially topological
e Higher conserved charges and other properties also fine.



Classical type Il defect -

Consider two relativistic field theories with fields u and v, and add a
new degree of freedom \(t) at the defect location (xo = 0):

L=0(—X)Ly + 0(X)Ly + 8(x) ((u— V)Xt — D°(\, 1, v))

Then the usual Euler-Lagrange equations lead to
e equations of motion:

82u:f%j X <0, Pv=———" x>0

e defect conditions at x = 0:

Uy=X—-D% ve=M+D (u-v)=-D%.



As before, consider momentum

0 00
P! = —/ ax usly —/ ax vpvy,
—o00 0

D}

and seek a functional D'(u, v, \) such that P}

Implies constraints on U, V, D'.

Putting g = (u—v)/2, p=(u+ v)/2 these are:
DS=-D), DS=-Dj
implying
D°=fp+Xq)+9(p—Xq) D' =fp+Xq) -9glp-X0q

-y

and
5(DDg — D3Dy) = U(u) — V(v)
e Powerful constraint on f, g since A does not enter the right side
- what is the general solution?



Note:

¢ Now possible to choose f, g for potentials U, V any one of
sine-Gordon, Liouville, Tzitzéica, or free massive or massless.

o Tzitzéica:
U(u) = (e"+2e Y2 =3), V(v)=(e"+2e"/?-3)
and the defect potential D°(\, p, q) is given by

DO — 24 (e(pw/z 1 g (pt)/4 (eq/z n e—q/z))

A <8 e~ (P=N/4 | glp—2)/2 (eq/-? 1 e—q/2)2>

g

e In sine-Gordon the type-Il defect is new with two free parameters
-in a sense it is two ‘fused’ type-| defects -



Generalisations

¢ Multi-component fields - what about other affine Toda field
theories?

- aﬁ,” affine Toda with type I -
- type Il defects can be constructed for some other affine Toda

models, eg the a!", (c\", dr(j-)1)-, al) -

e What about nonlinear Schrddinger, KdV, mKdV, etc, etc?
newline - yes, see

e Is the setup genuinely integrable? For an alternative (algebraic)
approach see

o What about SUSY? See, for example,



Buena suerte, Joaquin



